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A PROBLEM OF FÖLDES
AND PURI ON THE WIENER PROCESS

Z. SHI

Abstract. Let W be a real-valued Wiener process starting from 0, and τ(t)
be the right-continuous inverse process of its local time at 0. Földes and
Puri [3] raise the problem of studying the almost sure asymptotic behavior of

X(t) =
∫ τ(t)
0 1l{|W (u)|≤αt}du as t tends to infinity, i.e. they ask: how long

does W stay in a tube before “crossing very much” a given level? In this note,
both limsup and liminf laws of the iterated logarithm are provided for X.

1. Introduction

Let W be a real-valued Wiener process with W (0) = 0. Define its local time
process

`(t, x) =
d

dx

∫ t

0

1l{W (u)<x}du,

which is almost surely continuous (up to a modification, which is taken for granted)
in (t, x) according to Trotter’s theorem ([7]). For a modern account of Wiener
local times, see for example Revuz and Yor [6, Chap. VI] from stochastic analysis
viewpoint, and Révész [5, Part I] through sample paths. We denote `(t, 0) by `(t)
for notational convenience, and write

τ(s) = inf{ t > 0 : `(t) > s }, s > 0,

the right-continuous inverse process of `(t). In their recent paper on Wiener pro-
cesses, Földes and Puri [3] raise the following problem: let

(1.1) X(t) =

∫ τ(t)

0

1l{|W (u)|≤αt}du, t > 0,

with a fixed constant α > 0, what can be said about the almost sure asymptotics
of X?

Our answer to the “limsup” part of the question is a law of the iterated logarithm
(LIL).

Theorem 1. For any α > 0,

(1.2) lim sup
t→∞

X(t)

t2 log log t
=

8α2

π2
a.s.

For the “liminf” behavior of X , we have an integral test characterizing its lower
functions.
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Theorem 2. Let α > 0, and let f > 0 be a non-decreasing function. Then

(1.3) P
[
X(t) <

t2

f(t)
, i.o.

]
=


0

1

⇐⇒
∫ ∞ dt

t
f1/2(t)e−f(t)/2


<∞

=∞
.

In particular, the following Chung-type LIL holds:

(1.4) lim inf
t→∞

log log t

t2
X(t) =

1

2
a.s.

Remarks. (i) In (1.3), the symbol “i.o.” means “infinitely often” as t tends to
infinity.

(ii) It is somewhat surprising that the lower functions of X do not depend on
the value of α. Formally (i.e. informally!) taking α = ∞ (thus X(t) = τ(t)) in
(1.3) and several lines of elementary calculation yield

P
[
`(t) >

(
t f(t)

)1/2
, i.o.

]
=


0

1

⇐⇒
∫ ∞ dt

t
f1/2(t)e−f(t)/2


<∞

=∞
,

for any non-decreasing function f > 0. We therefore recover the Erdös-Feller-
Kolmogorov-Petrov test for the upper functions of W , since the classical Lévy’s
identity asserts that { `(t); t ≥ 0 } and { sup0≤s≤tW (s); t ≥ 0 } have the same law.

Theorem 1 is proved in Section 2, and Theorem 2 in Section 3.

2. Proof of Theorem 1

Let X(t) be defined as in (1.1). It follows from Brownian scaling that

(2.1) X(t)
(d)
= t2X(1),

for any t > 0 (the symbol “
(d)
= ” denoting identity in distribution). We are first

interested in the Laplace transform of X(1).

Lemma 1. For any θ > 0,

(2.2) E exp
(
−θ

2

2
X(1)

)
= exp

(
−θ tanh(αθ)

)
.

Remark. This has previously been obtained by Földes and Puri [3, p. 536] by
solving the corresponding Sturm-Liouville equation. Our proof, based on the Ray-
Knight theorem, allows us to make use of a Lévy-type formula, thus avoiding further
computation.

Proof of Lemma 1. By occupation times formula for local times (see for example
Revuz and Yor [6, Corollary VI.1.6]), X(1) =

∫ α
−α `(τ(1), x)dx. The Brownian

excursion theory confirms the independence between the processes

{ `(τ(1), x), x ≥ 0 } and { `(τ(1),−x), x ≥ 0 },
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which, according to the second Ray-Knight theorem (Revuz and Yor [6, Theorem
XI.2.3]), behave both like a square Bessel process of dimension 0 (i.e. a linear

diffusion process with generator 2x d2

dx2 , absorbed at 0), starting from 1. Thus by
scaling,

E exp
(
−θ

2

2
X(1)

)
=
[
E exp

(
−θ

2

2

∫ α

0

R2(x)dx
) ]2

=
[
E exp

(
− (θα)2

2

∫ 1

0

R̂2(s)ds
) ]2

,

where R and R̂ are Bessel processes of dimension 0, with R(0) = 1 and R̂(0) =
1/
√
α. Now Lemma 1 is a particular case (taken for dimension 0) of a formula for

square Bessel processes presented in Revuz and Yor [6, Corollary XI.1.8]. �

Remark. For connections between quadratic functionals of Bessel processes and the
Sturm-Liouville equation, see for example Pitman and Yor [4].

Although it does not seem trivial to deduce the exact upper tail of X(1) from its
Laplace transform (2.2), one can manage to obtain the following useful estimate.

Lemma 2. For any α > 0, we have

(2.3) lim
λ→∞

1

λ
logP

(
X(1) > λ

)
= − π2

8α2
.

Proof of Lemma 2. We begin with the upper bound. Fix 0 < ε < 1. From (2.2) it
follows using analytic continuation that

E exp
(θ2

2
X(1)

)
= exp

(
θ tg(αθ)

)
,

for 0 < θ < π/2α. Consequently, for λ > 0, we have

P
(
X(1) > λ

)
≤ exp

(
−π

2(1− ε)2

8α2
λ
)
E exp

( π2(1− ε)2

8α2
X(1)

)
= exp

(
−π

2(1− ε)2

8α2
λ+

π(1− ε)
2α

tg
(π(1− ε)

2

) )
,

which yields

lim sup
λ→∞

1

λ
logP

(
X(1) > λ

)
≤ −π

2(1− ε)2

8α2
.

The upper bound is proved by sending ε to 0+. For the lower bound, let

Hα = inf{ t > 0 : |W (t)| = α };
σ0 = inf{ t > Hα : W (t) = 0 }.

Observe that when t ∈ (Hα, σ0), the Wiener process W stays away from 0, and
thus `(t) does not increase. Consequently, σ0 ≤ τ(1) in case Hα < τ(1). Define
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Ŵ (t) = W (t+Hα)−W (Hα) which is again a standard Wiener process, independent

of {W (u); 0 ≤ u ≤ Hα }. For any x, write T̂x = inf{ t > 0 : Ŵ (t) = x }. Obviously,

X(1) ≥ 1l{Hα<τ(1)}

∫ σ0

Hα

1l{|W (u)|≤α}du

= 1l{Hα<τ(1),W (Hα)=−α}

∫ T̂α

0

1l{Ŵ (u)≥0}du

+ 1l{Hα<τ(1),W (Hα)=α}

∫ T̂−α

0

1l{Ŵ (u)≤0}du.

By the strong Markov property and symmetry, we obtain:

P
(
X(1) > λ

)
≥ P

(
Hα < τ(1)

)
P
(∫ Tα

0

1l{W (u)≥0}du > λ
)

= P
(
Hα < τ(1)

)
P
(∫ T1

0

1l{W (u)≥0}du >
λ

α2

)
,

with Tx = inf{ t > 0 : W (t) = x }. According to the first Ray-Knight theorem
(Revuz and Yor [6, Theorem XI.2.2]), { `(T1, 1−x); 0 ≤ x ≤ 1 } is a two-dimensional
square Bessel process (i.e. the square of Euclidean modulus of a two-dimensional
Wiener process), starting from 0. Since∫ T1

0

1l{W (u)≥0}du =

∫ 1

0

`(T1, 1− x)dx,

and since a two-dimensional square Bessel process is (stochastically) greater than
the square of a real-valued Wiener process, we have

P
(
X(1) > λ

)
≥ P

(
Hα < τ(1)

)
P
(∫ 1

0

W 2(u)du >
λ

α2

)
.

Recall the Cameron-Martin formula ([1]):

P
(∫ 1

0

W 2(u)du > x
)
∼
√

32

π2
x−1/2 exp

(
−π

2

8
x
)
, x→∞,

(the symbol “a(x) ∼ b(x)” (x → x0) denoting limx→x0 a(x)/b(x) = 1). Conse-
quently, for sufficiently large λ,

P
(
X(1) > λ

)
≥ C(α)

λ1/2
exp
(
−π

2λ

8α2

)
,

with C(α) > 0 a finite constant depending only on α. This implies the lower bound
in Lemma 2. �
Proof of Theorem 1. Let us begin with the upper bound. Fix a small ε > 0. Define
tn = (1 + ε)n. Then (1 + 5ε)t2n/t

2
n+1 ≥ 1 + 2ε. By scaling property (2.1), we have

P
(
X(tn+1) > (1 + 5ε)

8α2

π2
t2n log log tn

)
= P

(
X(1) > (1 + 5ε)

8α2

π2

t2n
t2n+1

log log tn

)
≤ P

(
X(1) > (1 + 2ε)

8α2

π2
log log tn

)
.
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Using (2.3), the above expression is, when n is sufficiently large, bounded above by

exp
(
−(1 + ε) log log tn

)
=

1

n1+ε
(
log(1 + ε)

)1+ε ,

which sums for n. It follows from the Borel-Cantelli lemma that (almost surely)
for large n, X(tn+1) ≤ (1 + 5ε)(8α2/π2)t2n log log tn. Let t ∈ [tn, tn+1]. Then

X(t)

t2 log log t
≤ X(tn+1)

t2n log log tn
≤ (1 + 5ε)

8α2

π2
.

Accordingly,

lim sup
t→∞

X(t)

t2 log log t
≤ (1 + 5ε)

8α2

π2
,

for any ε > 0. Letting ε tend to 0+ gives the upper bound in Theorem 1. It remains
to verify the lower bound part. Fix again an ε > 0. Let tn = 2n and let

An =
{∫ τ(tn)

τ(tn−1)

1l{|W (u)|≤αtn}du > (1− ε)8α2

π2
t2n log log tn

}
.

The measurable events (An) are obviously independent. Moreover,

P(An) = P
(∫ τ(tn−tn−1)

0

1l{|W (u)|≤αtn}du > (1− ε)8α2

π2
t2n log log tn

)
,

using the strong Markov property. By scaling, we have

P(An) = P
(∫ τ(1)

0

1l{|W (u)|≤αtn/(tn−tn−1)}du > (1− ε)8α2

π2

t2n
(tn − tn−1)2

log log tn
)

= P
(∫ τ(1)

0

1l{|W (u)|≤2α}du > (1− ε)32α2

π2
log log tn

)
,

using the fact that tn/(tn − tn−1) = 2. Applying (2.3) to 2α (instead of α) implies
that for large n,

P(An) ≥ exp
(
− log log tn

)
=

1

n log 2
,

which forms a divergent series. Since the An’s are independent, the Borel-Cantelli
lemma tells P(An, i.o.) = 1. Therefore

lim inf
t→∞

X(t)

t2 log log t
≥ (1− ε)8α2

π2
a.s.

Since the constant ε > 0 can be arbitrarily small, this yields the lower bound in
Theorem 1. �



224 Z. SHI

3. Proof of Theorem 2

Let us keep the notation introduced previously. The first step is to establish the
lower tail of X(1).

Lemma 3. We have, for any α > 0,

(3.1) P
(
X(1) < x

)
∼
( 2

π

)1/2
x1/2 exp

(
− 1

2x

)
, x→ 0.

Consequently, there exists a finite constant C > 0 such that

(3.2) P
(
X(1) < x

)
≤ C exp

(
− 1

2x

)
, ∀x > 0.

The proof of Lemma 3 is based on a general complex analysis argument I have
learnt from Csáki [2, p. 210], which is stated as follows.

Lemma 4. Let g(z) be holomorphic on { (Im(z))2 > 4ε(ε−Re(z)) } for any suffi-
ciently small ε > 0, and let G(z) = g(z2). Assume that for t→∞ there exist finite
constants β ≥ 0, γ > 1 and η > 1/2 such that

G(t+ iu) = o
(
G(t) exp

(
β|u|t−1/2

))
uniformly for |u| ≥ tη,(3.3)

G′′(t+ iu) = o
(
t−γG(t)

)
uniformly for |u| ≤ tη.(3.4)

Then for any c > 0,

(3.5)
1

2πi

∫ c+i∞

c−i∞
p−1/2g(p) exp

(
ps− 2p1/2

)
dp =

1 + o
(
s(γ−1)/2

)
(πs)1/2

g
(
s−2
)

exp
(
−1

s

)
,

as s→ 0+.

Proof of Lemma 3. From (2.2), we have, using integration by parts,∫ ∞
0

dx e−θxP
(
X(1) < x

)
=

1

θ
exp
(
−(2θ)1/2 tanh

(
α(2θ)1/2

) )
,

for θ > 0. Inverting the Laplace transform yields

P
(
X(1) < x

)
=

1

2πi

∫ 2c+i∞

2c−i∞

dθ

θ
exθ exp

(
−(2θ)1/2 tanh

(
α(2θ)1/2

) )
=

1

2πi

∫ c+i∞

c−i∞

dp

p
e2px exp

(
−2p1/2 tanh

(
2αp1/2

) )
=

1

2πi

∫ c+i∞

c−i∞
p−1/2g(p) exp

(
2px− 2p1/2

)
dp,(3.6)

where
g(p) = p−1/2 exp

(
2p1/2 − 2p1/2 tanh

(
2αp1/2

) )
.

Obviously, g(z) is holomorphic on { (Im(z))2 > 4ε(ε−Re(z)) } for any ε > 0. Let

G(z) = g(z2) =
1

z
exp
(

2z − 2z tanh(2αz)
)

=
1

z
exp
( 4z

e4αz + 1

)
.
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We now verify conditions (3.3) and (3.4) for G. Write G(z) = z−1 exp(H(z)), with
H(z) ≡ 4z/(e4αz + 1). Then

Re
(
H(t+ iu)

)
−H(t) ≤

H(t+ iu)−H(t)


=
|4te4αt(1− e4iαu) + 4iu(e4αt + 1)|

|e4α(t+iu) + 1| (e4αt + 1)

≤ 8t+ 4|u|
e4αt − 1

.(3.7)

Since (8t + 4|u|)/(e4αt − 1) ≤ |u|t−1/2 for any |u| ≥ t ≥ t0 (t0 depending on the
value of α), the above inequality trivially implies (3.3) with β = 1 and η = 1.
For (3.4), observe that G′′(z) = z−2

(
2 − 2zH ′(z) + z2H ′′(z) + z2(H ′(z))2

)
G(z).

Assume |u| ≤ t and t ≥ t0. By (3.7), we have Re
(
H(t + iu)

)
− H(t) ≤ 1. Thus

|G(t+ iu)| ≤ 3G(t). Several lines of elementary calculation show that2− 2(t+ iu)H ′(t+ iu) + (t+ iu)2H ′′(t+ iu) + (t+ iu)2(H ′(t+ iu))2
≤ 3.

Consequently, (3.4) holds with γ = 3/2 (actually any constant strictly smaller than
2 will do). Applying (3.5) to s = 2x and using (3.6) completes the proof of Lemma
3. �
Proof of Theorem 2. The convergent half is an easy consequence of Lemma 3.
Indeed, assume f to be non-decreasing such that

(3.8)

∫ ∞ dt

t
f1/2(t)e−f(t)/2 <∞.

Thus f(t) ↑ ∞ as t ↑ ∞. Pick a large initial value t0 and define the sequence (tn)
by recurrence: tn+1 = tn(1 + 1/f(tn)) for n = 0, 1, 2, · · · . Obviously (tn) increases
to infinity. A standard argument shows that (3.8) implies

(3.9)
∑
n

f−1/2(tn)e−f(tn)/2 <∞.

By scaling property (2.1) and small deviation probability estimate (3.1), we have

P
(
X(tn) <

t2n
f(tn)− 3

)
= P

(
X(1) <

1

f(tn)− 3

)
≤
(
f(tn)− 3

)−1/2
exp
(
−f(tn)− 3

2

)
≤ 5f−1/2(tn)e−f(tn)/2,

which, according to (3.9), is summable. Applying the Borel-Cantelli lemma gives
that (almost surely) for sufficiently large n, X(tn) ≥ t2n/

(
f(tn) − 3

)
. Let t ∈

[tn, tn+1]. Then

X(t) ≥ X(tn) ≥ t2n
f(tn)− 3

=
t2n+1(

1 + 1/f(tn)
)2(

f(tn)− 3
) ≥ t2n+1

f(tn)
≥ t2

f(t)
,
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implying the convergent half of Theorem 1. To check the divergent half, let f > 0
be non-decreasing with

(3.10)

∫ ∞ dt

t
f1/2(t)e−f(t)/2 =∞.

In light of (1.4), let us assume without loss of generality that

(3.11) log log t ≤ f(t) ≤ 3 log log t.

For an elegant argument justifying (3.11), we refer to Csáki [2]. Let ρ > 0 and
ε > 0. Fix a large initial value i0 ≡ i0(ρ, ε). Define ti = exp(ρi/ log i) (for i ≥ i0).
By means of (3.11), we have

1 +
ρ

2 log i
≤ ti
ti−1

≤ 1 +
2ρ

log i
,(3.12)

1

2
log i ≤ f(ti) ≤ 3 log i, i > i0.(3.13)

Moreover, it is easily seen from (3.10) that
∑
i f
−1/2(ti) exp(−f(ti)/2) =∞. Now

consider

Ai =
{ t2i−1

f(ti)
≤ X(ti) <

t2i
f(ti)

}
.

Using (2.1), (3.1), (3.12) and (3.13) gives

P(Ai) = P
[ t2i−1

t2i f(ti)
≤ X(1) <

1

f(ti)

]
≥ (1− ε)

( 2

π

)1/2(
f−1/2(ti)e

−f(ti)/2 −
( t2i−1

t2i f(ti)

)1/2
exp
(
− t

2
i f(ti)

2t2i−1

) )
≥ (1− ε)(1− e−ρ/4)(2/π)1/2f−1/2(ti)e

−f(ti)/2,(3.14)

for any n > i0. Consequently,

(3.15)
∑
i

P(Ai) =∞.

Pick i0 < i < j. In view of the strong Markov property, we have

P(AiAj) ≤ P
(
Ai,

∫ τ(tj)

τ(ti)

1l{|W (u)|≤αtj}du <
t2j

f(tj)
−
t2i−1

f(ti)

)
≤ P(Ai)P

(∫ τ(tj−ti)

0

1l{|W (u)|≤α(tj−ti)}du <
t2j − t2i−1

f(tj)

)
.

The above estimate together with scaling property (2.1) readily yield

(3.16) P(AiAj) ≤ P(Ai)P
(
X(1) <

t2j − t2i−1

(tj − ti)2f(tj)

)
,
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for any i0 < i < j. Define

E(n) =
{
i0 < i < j ≤ n : j − i < (log i)3

}
,

F(n) =
{
i0 < i < j ≤ n : j − i ≥ (log i)3

}
.

Remark that when i < j < i+ (log i)3,

j

log j
− i

log i
=

(j − i) log i− i log(1 + (j − i)/i)
log i log j

∼ j − i
log j

∼ j − i
log i

,

as i→∞. Let (i, j) ∈ E(n). Then by the above observation, we have

exp
(
−2ρ(j − i)

log i

)
≤ ti−1

tj
≤ ti
tj
≤ exp

(
−ρ(j − i)

2 log i

)
.

Therefore by (3.13),

t2j − t2i−1

(tj − ti)2f(tj)
≤

t2j − t2i−1

(tj − ti)2f(ti)
≤

1− exp
(
−4ρ(j − i)/ log i

)(
1− exp

(
−ρ(j − i)/2 log i

))2 2

log i

≤ C1

min(j − i, log i)
,

for some finite constant C1 > 0 depending only on ρ and ε (i0 depending on ε).
Using (3.16) and (3.2), we obtain (writing C2 ≡ 1/(2C1) in the sequel):

P(AiAj) ≤ CP(Ai) exp
(
−C2 min(j − i, log i)

)
≤ CP(Ai) exp

(
−C2(j − i)

)
+ CP(Ai) exp

(
−C2 log i

)
,

(C being the constant introduced in (3.2)) which in turn implies

∑∑
(i,j)∈E(n)

P(AiAj) ≤ C
n∑

i=i0+1

P(Ai)
∑
j>i

e−C2(j−i)

+ C
n∑

i=i0+1

P(Ai)
∑

i<j<i+(log i)3

i−C2

≤ C3

n∑
i=i0+1

P(Ai),(3.17)

for some finite constant C3 > 0. Now let (i, j) ∈ F(n). In this case, j − (log j)2 ≥
i+ (log i)3 −

(
log(i+ (log i)3)

)2 ≥ i. Thus j − i ≥ (log j)2. It is noticed that

j

log j
− i

log i
=

(j − i) log i− i log(1 + (j − i)/i)
log i log j

≥ j − i
2 log j

.
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Therefore, we have

t2j − t2i−1

(tj − ti)2f(tj)
≤ 1

(1− ti/tj)2f(tj)
≤ 1(

1− exp(−ρ(j − i)/2 log j)
)2
f(tj)

≤ 1(
1− (log j)−2

)
f(tj)

.

According to (3.16) and (3.1), we get

P(AiAj) ≤ (1 + ε)P(Ai)
( 2

π

)1/2
f−1/2(tj) exp

(
−
(
1− (log j)−2

)
f(tj)

2

)
.

Since (log j)−2f(tj)/2 ≤ 3/2 log j ≤ ε for j ≥ i0, the above estimate together with
(3.14) confirm

P(AiAj) ≤
eε(1 + ε)

(1− ε)(1− e−ρ/4)
P(Ai)P(Aj),

which, with the aid of (3.17) and (3.15), yields

lim inf
n→∞

n∑
i=i0+1

n∑
j=i0+1

P(AiAj)

/ ( n∑
i=i0+1

P(Ai)
)2

≤ 1

1− e−ρ/4 .

Since
∑
i P(Ai) diverges, using a well-known version of the Borel-Cantelli lemma

(see for example Révész [5, p. 28]) gives P(Ai, i.o.) ≥ 1− e−ρ/4. A fortiori, we have

P
[
X(t) <

t2

f(t)
, i.o.

]
≥ 1− e−ρ/4,

for any ρ > 0. The proof of the divergent half is completed by sending ρ to infinity.�

Acknowledgements

I am grateful to Marc Yor for helpful comments on the first draft of this work.
Many thanks are due to an anonymous referee for a careful reading of the manu-
script and for valuable suggestions.

References

1. R.H. Cameron and W.T. Martin, The Wiener measure of Hilbert neighborhoods in the space
of real continuous functions, J. Math. Phys. 23 (1944), 195–209. MR 6:132a
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